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The input-to-state stability (ISS) problem is studied for switched systems with infi-
nite subsystems. By using multiple Lyapunov function method, a sufficient ISS
condition is given based on a quantitative relation of the control and the values of
the Lyapunov functions of the subsystems before and after the switching instants.
In terms of the average dwell-time of the switching laws, some sufficient ISS con-
ditions are obtained for switched nonlinear systems and switched linear systems,
respectively.
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1 Introduction

Since the performance of a real control system is affected more or less by uncertainties, such as
unmodelled dynamics, parameter perturbations, exogenous disturbances, measurement errors, etc.,
the research on robustness of control systems do always have a vital status in the development of
control theory and technology. Aiming at robustness analysis of nonlinear control systems, Son-
tag, Wang and Lin®=2 developed a new method from the point of view of input-to-state stability
(1SS), input-to-output stability (10S) and integral input-to-state stability (ilSS), and obtained a
series of fundamental results by utilizing ISS-, 10S-Lyapunov functions. Recently, Mancilla-
Aguilar and Garcia®? applied the idea to study the robustness of switched nonlinear systems of
the form x(t) = f;(x(t),u(t)) (ieA,where A isthe index set).

For switched systems, although lots of results have been presented, they mainly focus on the
problems of stability, controllability, observability and stabilization control®3~2. For the robust-
ness study of such systems, the relevant literature is not rich, and ref. [12] seems the only one on
the ISS of switched nonlinear systems, to our knowledge.

Received January 22, 2007; accepted August 5, 2008; published online October 10, 2008
doi: 10.1007/s11432-008-0161-7

TCorresponding author (email: fwsnakefa@126.com)
Supported by the National Natural Science Foundation of China (Grant No. 60674038)

Sci China Ser F-Inf Sci | Dec. 2008 | vol. 51 | no. 12 | 1992-2004



In this paper, we investigate the ISS of general switched nonlinear systems (including the case
where there is no common Lyapunov function). Unlike the existing results, which mainly focus
on establishing 1SS converse theorems for nonlinear systems>, by opening out the character-
istic of switched nonlinear (SNL) systems, we aim at presenting some sufficient ISS conditions
for SNL systems, including for instance, the relation of the ISS and the average dwell-time of the
switching law. Precisely, we will investigate SNL time-varying systems, which may involve in
infinite subsystems. In this case, switching among different subsystems may lead to discontinuity
of the system function, and dissatisfies the continuity assumption required by refs. [1—11]. Thus,
the results in refs. [1—11] cannot be generalized to general SNL systems directly. In some spe-
cial cases, for instance, where there exists a common 1SS-Lyapunov function (CISSLF), a suffi-
cient and necessary 1SS condition of SNL systems with arbitrary switching laws is given™2 under
the assumption that f;(x,u) is uniformly (with respect to i) locally Lipschitz continuous on
X,U. Here, by using the methods of multiple Lyapunov function and average dwell-time, some
sufficient ISS conditions are given for general SNL systems, which may have no CISSLF. The
ISS-Lyapunov functions of the subsystems are allowed to be different from each other rather than
simply assuming the existence of a CISSLF. Besides, the uniformity assumption on the local
Lipschitz continuity of f;(x,u) with respectto i is not required. Thus, our framework is more
general than that in ref. [12].

The remainder of this paper is organized as follows. Section 2 describes the problem to be in-
vestigated and introduces some notations and definitions. In section 3, by using the multiple
Lyapunov function method, a sufficient ISS condition is given for general switched nonlinear
systems. In section 4, by using the average dwell-time method, some sufficient ISS conditions are
presented for SNL systems and switched linear systems, respectively. In section 5, some con-
cluding remarks are given.

2 Notations and problem formulation
Consider the following switched nonlinear system

X(t) = f,xry G XA, UE), X(t) =X, @
where x()eR" and u()eR"™ are the system state and input, respectively; and o(;,-):
[ty,0) xR" — Z (Z is the index set, maybe infinite) is the switching law and is right-hand con-
tinuous and piecewise constant on t; for any ieZ, function f,(t,x,u): [t;,00)xR"™™

— R"is continuous with respect to t,x,u, uniformly locally Lipschitz continuous with respect to
X,U, and satisfies f(-,0,0)=0.

Here, being different from ref. [12], f.(t,x,u) is time varying, and the uniformity of the local
Lipschitz continuity of f;(t, x,u) is with respectto t ratherthan i.

Throughout the paper, R* denotes the real number set [0,); for a function y(t):R" —
R*, yeK means that » is continuous and strictly increasing, and satisfies y(0)=0; ye

K, meansthat y €K and y are unbounded; for a function A(t,s):R* xR* - R*, fekL
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means that for any fixed s, A(t,s)eXC, and for any fixed t, £(t,s) is continuous and de-
creases to zero as s —oo; |-| denotes the Euclidean norm in R" and the corresponding in-

duced matrix norm, and for a nonempty subset M cR", |x]|, 2 inf, . | X—17|(cbviously, it
holds | x|= x| when M ={0}); L" denotes the set of all the measurable and locally essen-

tially bounded input u()e R™ on [ty,%) under the following norm,

[ull=sup{lu(t) |t =to} < oo; )
for two functions ¢() and yx(:), symbol @o y(-) denotes the composite function @(x(-));
V is the gradient operator.

For any given switching law o(,-), initial condition x, e R", u()ell, x(t)=x, (tt,,
Xp,U) denotes the state trajectory of system (1) with the maximal existing interval [t;,T,),
where the constant T_ £T_(t,,X,,U) < .

Definition 1. Consider the following general nonlinear system

at) =g(t, o), v(t), oty)=ay, ©)
where function g(---): [t,,0)xR™™ —» R" satisfies g(,0,0)=0. Forany w,eR", vel],
if the trajectory w(t) £ a(t;ty, @,,v) of (3) is defined well on [t,,), then the system is called
forward complete. For a closed set M c R", if system (3) is forward complete for any e, €
M, vell, and o(t)e M,Vt=t,, then M iscalled a closed invariant set of system (3).

Remark 1. By Definition 1, if system (1) is forward complete for any o(t,x), then all of

the subsystems are forward complete.
Remark 2. Obviously, if M is a closed invariant set of all subsystems of system (1), then
it is also a closed invariant set of system (1).

Definition 2. For the forward complete system (3) and its closed invariant set M = R",
the system (3) is called (globally) input-to-state stable (ISS) with respect to M, if there exist

two functions BeKL and yeK suchthatforany @, eR"\M and vell,
| oty 00, V) s Bl g [ t=10) + 7([VI), VE=1,. (4)
Definition 3. For the forward complete system (3) and its closed invariant set M cR", a
smooth function V, (&,1):R" x[ty,00) > R" is called an ISS-Lyapunov function of the system

(3) with respect to M cR", if there exist functions a,a €k, ,a,y € K such that for any
EeR"\M, peR™ and t=t,,
a(Sly) sVE ) < a( Sl ()

1€ 1= 2( 1) = 2V (ED)+VV (E1) - 9. 1) < —a(1€]y)- (6)
For short, they will be denoted as (Vy;a,a, @, ) in the sequel.
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3 ISS conditions based on multiple Lyapunov functions

In this section, by using the multiple Lyapunov function method, sufficient ISS conditions are
explored for switched nonlinear systems. To this end, we need the following lemmas.

Lemma 12 For the forward complete system (3), assume M < R" is its closed invariant
set. If system (3) has an 1SS-Lyapunov function (V,;a,a, a, ) such that (5) and (6) hold for

any £eR"\M , peR" and t=t;, then there exists t; £t/ (t;,,,v) satisfying
ty <ty < oo such that the solution «(t) £ w(t;ty, @,,v) of system (3) has the following prop-
erty: (o(t),t)eSy forany t=t;, and (e(t),t)eS, forany t<t;.Here,
Sy =€ V&) <ao xIvID}-
Lemma 2%, Forany xek,thereexistsa C* function p <K, suchthat
pr)x(r)= p(r), vr=0,

Lemma 3. For the forward complete system (3) and its closed invariant set M cR", if
system (3) has an ISS-Lyapunov function (Vy;a,@,a,x) such that (5) and (6) hold for any

EeR"\M, pueR™ and t=t,, thenthereexistsa C' function peKk, depending only on
a and «a such that

_ 0
Wg (é:it) = Z(l H |) = awg (élt) + vWg (éz’t) ' g(tl 51 ﬂ) g _Wg (§lt)l
where W, (5,t)=poVy(,t) and x()=poaox()ek.
Proof. For x()2aoa*()ek, by Lemma 2, @ and a ek, can determine a C'
function pe K, suchthat o(r) x(r) = p(r), Vr =0. Then, by testifying directly for W (&,t)
= poV,(&,t), one can obtain the conclusion.

Lemma 4. For the forward complete system (1), suppose that M cR" is a closed invari-
ant set of system (1), and the switching instants of switching law of(t,x) are t <t, <---
<t <---. If for any given ieZ, subsystem f;(t,x,u) has an ISS-Lyapunov function
Viia;, @, e, x;) suchthat @()=sup,.; & ()eK, and

max{Vy, . xq) X)), a0 x(|u ||)}>Va(t| xy (X)), (7
then for set S, ={(&,1): Vi(&,t)<saoy(|vI)}(ieZ), there exists a common time-instant
t) 21t (t X u(t)) such that

(X0 1) & Syt xqty VEEIt L), (8)
(X(0.1) < S,y VUt +90). ©)
Proof. For 1=0,1, 2, ---, let o(t,x(t))=i. Then, by Lemma 1, for the subsystem

fi (t,x,u) ontheinterval [t,t,,), there exists
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t éti: (. x(t),u) =1, (10)
such that for any t=t;, the state trajectory X(t) £ X, (tty, X, U) = X, (1, X(t, 4),u) satisfies
(x().t)es; (thatis, Vi (x(t)t)<ao x([ull));and forany t<t/, (x(t),t)esS;.

If t,, <t for any 1=012,--, then (x(t),t)eESiI (1=0,1,2,---) for any t=t,. In this
case, set t. =oo. Otherwise, there exists a nonnegative integer |, such that ti'Io <t . Let

F=mingo o {134 <t} €=t
Then, by Lemma 1, we have (8), and (x(t),t)eS; for vt e[t. t,,) . Particularly, (X(tp,,),
tie,1) €S;,  thatis, Vi (X(tjeyq),ts) < @ o x([ull). Thus, from (7), it follows that
Vi (X(tg) teyg) < maX{Vilx Xty )i teg) @0 x(lUIDF< o x(ull).
This implies that t/ £t/ (tu,3, X(tis,),U) < tiu,y. Therefore,
Vi, (x@.t) sao z(lull),  Vteltn,ts,).

Repeating the above process for 1=1*+2,1*+3,---, one can obtain (9).
Based on the method of multiple Lyapunov function, we have the following theorem.

Theorem 1. Consider the forward complete system (1). Suppose that M < R" is its closed
invariant set, and the switching instants of the switching law o(t,x) are t <--- <t <---. If

there exists 1ISS-Lyapunov function (V;;a;,a;, ¢, ;) of subsystem f;(t,x,u) (i € Z') such that
() aaek,, a,yek, where a()=infi; a;(), @()=supi; & (), a()=infi; & () and
x() Esupicr 4,0);
(if) (7) holds at each switching instant t, (1 =0,1,2,---),
then system (1) is input-to-state stable.
Proof. First, by Definition 3 and (i), forany £eR"\ M, uzeR™ and ieZ,we have

a(Sy)sViE)sa(Sly) Vi=t,,
1S 1= x( 1) :>§Vi D+ it S ) s-a(Slu) V=1 (11)

and by Lemma 2, we know that there exists a C* function pe K, depending only on & and

a such that p(r) x(r)= p(r), vr =0, where x()2aoa (). Let W.(&1) =poV(&t)
and y()=poao y(). Then, by Lemma 3 we have
poa(Slv) sSWi (G )< poa(Sly) Viel, (12)

Wi (&t = Z( 1) jgwi (ED+VW(E D) fi(t.& u) < Wi (51), Viel. (13)

By Lemma 4, there exists t; such that (8) and (9) hold. Let I* be the largest integer |
such that t St;. Then, from (8) and (9) and the definition of W, (&,t), it follows that
Wo i, xcty (X, 1) > Z([u D), Vte[t|*,t;) or [t.t,), I=01-1*-1, (14)

o
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W,y XOD S ZAUD, VEelt) te,y) or [4t.y), I=1*+1-- (15)

This together with (13) and (14) gives
d «
awa(tllx(tl)) (X(t),t) <_W0'(t|,X(t|)) (X(t),t), Vt E[t|*,t0) Or [t| ’t|+l)’ I :O,l,"',l *_l. (16)

Hence, we have
Wo 1 x i XO D S W, 6 (X(te), by 8, Vtet,ty),

e - 17)
Wot, ) Xt b)) SWo v (XX ) 1)e (Ga) - 1=01,- 1% -1
From (7) and (8), the definition of W;(&,t), (14), and (13) it is easy to see
WO'(t|,X(t|)) (X(t|),t|) éWO'(t|,1yX(t|,1)) (X(t|),t|), I = O,l,-..,l *. (18)

Then, forany te [t|*,t;) or [t.t,), 1=01---1*-1 by (17)and (18) we have
Worg ) (KO0 S Worg | OXC8), )7
< oty x(t 5)) (X(t|71)at|71)e_(t_t"1) = <Wcr(t(,,x(to)) (X(to)ato)e_(t_t(’) .
This together with (12) and (15) leads to
poa(X(t) ) <max{poa(x e ™, Z(lul}

Let A(t,s)=atopt(p(@r)e™) and y(r)=a oaoy(r). Then, B(t,s)eKL,yekK

and
X L=l %o (5t X0, U) [ B X Lt =t) +7(QlU ), VE=1,.
Thus, system (1) is input-to-state stable.

Remark 3. Condition (ii) of Theorem 1 says that the energy of the system should not be in-
creasing at switching instants. This is because that the ISS is a global property holding for all
t=1t, with respectto x(t,)=x, and u(t), rather than a limit-sup property. Otherwise, for in-
stance, if limsup,_,, | x(t) |, is considered, then the condition can be relaxed to that (7) holds

after finite switching instants.
Remark 4. From the proof of Theorem 1, we see that A(t,s)e XL and y X are inde-

pendent of the concrete choice of o(,,-). In other words, the switched nonlinear system (1) is
ISS for all o(,-) satisfying (7).
Remark 5. In Theorem 1, instead of condition (ii), if we assume that there exists an integer

l, suchthat t, , =1t £ i (t,.x(t,),u), and
Worxa) X)) S Wo, x ) (XD L), T=0,1,--,1, (19)
Wo g, xity) (X)) < @ o x([ul]), I=lp+11g +2,--,

then system (1) is input-to-state stable.
In the sequel, we will provide some sufficient ISS conditions from another point of view by
employing the concept of dwell-time of a switching law.

Definition 4. For a switching law o (t,x), suppose its switching instants are t, <t <---
<t <---. Then, 7=inf_,(t., —t,) iscalled its dwell-time.
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Corollary 1. For the forward complete system (1), suppose that M c R" is its closed in-
variant set, and the switching instants of switching law o(t,x) are t, <t <---<t, <---. Under
the conditions and notations of Theorem 1, instead of condition (ii), if we assume that there exists
an integer I, such that r>ti’IO —t, and (19) holds, then system (1) is input-to-state stable.
Here, t isgiven by (10).

Proof. By Definition 4, we see t ,, =t +7. Hence, tloﬂéti’I0 éti’lo (t,, x(t,),u). This
together with Remark 5 leads to the conclusion.

Corollary 2. For the forward complete system (1), suppose that M c R" is its closed in-
variant set, and the switching instants of o(t,x) are t, <t <--- <t, <---, and the index set Z

is finite and denoted with {1,2,---,N}(N <oo). If there exits ISS-Lyapunov function (V;;e;,a;,
a;, x;) (i€ Z) such that
Max{Ve i wqey XD ) @0 ([ull), - ay o 2 (TU 1D} = Vo, xqy X)),

for 1=0,1,---, then system (1) is input-to-state stable.
Its proof is easy and omitted.

4 ISS conditions based on the average dwell-time

In this section, we will use the concept of average dwell-time to obtain some sufficient 1SS con-
ditions for both SNL systems and switched linear systems.

Definition 5274,  For any given constants 7*>0 and Ny, let N_(s,t) denote the switch
number of o(t,x) in [s,t), Vt>s=1t,, and let
S[e*,Ny] :{0'(-,~) N, (s, t) < N, +t—_*s, Vt>s= to}.
T
Then, * is called the average dwell-time of S[z*,N,], and
N t—s
Ty = SUPi=, SUPts sz, m

is called the average dwell-time of o(t,x).
4.1 1SS analysis of switched nonlinear systems

Theorem 2. For the forward complete system (1), suppose that M cR" s its closed in-
variant set, and switching instants of switching law o(t,x) are t; <t <--- <t, <---. If there

are ISS-Lyapunov functions (V;;a;,a;, ¢, ;) (i€Z) and constants ¢ >0, 7, =1, such that

forany £eR"\M, ueRMand ieZ,

a(lSlhv) sViE Y <sa(Slv), Vi=t, (20)
|§|M>Z(l#l)jgvi(f,t)JrVVi(f,t)‘fi(t,fyﬂ)g—CVi(rf,t)y vt=t, (21)
Max{roVo i, xq XD 4) @ o x(TUlD} = Vo, x)y X)), =01, (22)
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then system (1) is input-to-state stable for any o(:,-) € S, [ Ingo , NO}, where

SO[In:O : NO} - {G(" ) € S[e* Ny ]: T*>In%}

Proof. For a given time instant t=t,, assume that system (1) has j switching instants in
[t,,t), and denote them as t <t, <---<t,. Let o(t,x(t)) =i (1=0,1---,j) and ti’I (1=0,1,--)

be the time instant defined according to (10). If tZt{j on [t;,t), then by Lemma 1,
Vi, (x(@®),0) < @ o z(lull); (23)
if t<ti’j , then Vij (X(s),s)>ao x([ull) forany selt;,t),and hence, by (20) we have

|X(8) Lve> 2([ul), Vs elt,1). (24)

This together with (21) gives
%Vij (x(s),8) < —cVij (X(s),8), Vselt;,t). (25)

Thus, when t < ti’j , we have
Vi, (x(s),5) <V, (X(t; )te Y, wselt ). (26)

Now, let us consider the interval [t,_;,t)(1=12,--,j). When t =t , we have
Vi, (). 8) <@ o x(lull); 27)
while when t, <ti , we have V; (x(s),s)>ao x([ull), Vse[t,_4,t), which together with (20)

leads to
IX(S) [he> 2(lull), Vselt_yt). (28)
Then, by (21) we have
VL (K09 =0, (49)9). seltat) (29)
This implies that
V. (X(s),8) SV, (X(ty) 4 y)eC s ety t). (30)
In particular,
V, (X().6) SV, (X )t )e ), (31)
Let z=ao y(ul]). Then, by (23), (26), (27), and (31), we have
V;, (x(t),1) < max {vij (x(t; ),t-)e_c(t_t"),fz}, (32)
Vi, (). 6) < max (v (x(ty) e g, 1=12, )0 (39)

Recalling (22) and substituting (33) into (32) sequentially, we obtain
Vi, (X(0,0) < max { Vi, (x(t,).t,)e o0 g g ),

—c(t;—Y)

i —o(ti—t ) —c(t—t; —c(t-t;
nltre R U '),ﬂ}.
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Notice that N_(t,,t)= j—1(1=0,1,2,---, j) . Then, we have 7)™ =eN-®0"% Thys,
\/ij (x(t),t) < max{5(| X(to) |M)eNa(to,t)|nﬂo*C(t*to)’”eNa(tlyt)lnno*C(t*H)’

._,”eNJ(ti,l,t)lnno—c(tj,l—t), ﬂe—c(t—tj) , 7[}

Let a:c—ln']o. Then, a>0. By Definition 5, for any given a(-,-)eSO[In%,NO}, we

T c

have Ng(s,t)<N0+t_—*S, Vt>s=t,. This results in N_(s,t)Inn, —c(t—s)< Nylnzn, -
T

a(t—s). Therefore, by (20) we have
a(IX(t)|,,) < Vi, (0,0 = max{@( x(tg) . )e" ™), @o y(lulhe" .

Let A(r,s)=a “(a(r)e™" ), y(r)=a(@o y(r)e™"™), vr=0,vs=t,. Then fe
KL, yek and [x@®)], =% . %,Wl, < B(x%], t-t)+r(lull), Vt=1t,. Thus, system
(2) is input-to-state stable.

Remark 6. By 7, =1, the condition (22) in Theorem 2 is obviously weaker than the con-

dition (7) in Theorem 1. This includes the case where the “energy” of the subsystem after a
switching instant is greater than that of the subsystem before the switching instant.

4.2 ISS analysis of switched linear systems
In this subsection, we will investigate switched linear multi-variable systems of the form

X(8) = Ay iy X() + By xpu(t), X(tg) =Xo, (34)
where A e R™", B, e R™™ are constant matrices for any ie Z, respectively.

In the sequel, forany nxn matrix A, J, denotes the Jordanian normal formof A, 7(A)
is the largest real part of the eigenvalues of A, and A, (A) and A, (A) are the largest and
smallest singular values of matrix A, respectively.

For a given matrix set A eR™", 4 denotes the set of all stable matrices of A, and A,
denotes .A\4; . Noticing that 7(A) depends continuously upon the parameter of A, when A,
is compact, we have max,_, 7(A)<0 and [max,_, 7(A)[=min,_, [7(A)|. In particular,
when the number of all stable matrices in A is finite and greater than zero, we have
max s 4 7(A) <0.

Lemma 5. For any given matrix set AcR™", if A and A are compact, and A is
nonempty, then for any & e (0,min,_, [7(A)[), there exists a constant M(¢)>0 such that

|e™ < A, (A)e* ™Mt vAe A, vt =0, (35)
2’6 (A) é max AcA ﬂ’g (A) < 0, (36)

where ag(A):n(A)+g,/IS(A)éJM(e)%>O, and P(A) is nxn nonsingular ma-
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trix satisfying A=P(A)J, P(A)™.
Proof. For any given Ae.A, assume that it has p Jordan blocks with dimensions of
n<n,<--<n, and the real parts of the corresponding eigenvalues are z;,7,,---,7,, re-

spectively. Then, n +n, +---+n;=n and n(A)=max,<;<,7;.

Noticing that e” = P(A)e’*' P(A)?, we have
Ay (P(A)

lelat], vt>0.
An(P(A)

|e™ = P(A)e”* P(A)* <
Further, it is easy to see that |e’*" |= (Z(t))2, where

4

4 2(n,-1)
t t }rezﬁt {nz +(ny —Dt? +(n, - 2)2t—'

@2 (-

(21?
t4 44 tZ(np_l)
(21)? (n,=DY? |

$(t) = e {nl +(n D% +(n, -2)

t2(n2—1)
+ cese +—2
((n, -1)!)

Since for Ve e (0,min,_, [7(A)]),

27t 2
}r---+e P {np+(np—l)t +(n, -2)

2(t
—eZaf(Z)t < {n +(n-pt2+(n-2p)

t4 t2(np—1) ot
@2, o |
! 1)

()

we have lim,_,,, —=~
e &

=0, and hence, M (&) £ sup, . % <o, and
e &

1
€| _ A (P(A) 1€ ] _ A (P(A) (em) jz <7,(m),

eaé.(A)t = Am(P(A)) ea‘g.(A)t - Am(P(A)) 2a, (A)t

i.e., (35) holds.
Further, by the compactness of A, nonsingularity of P(A) on A, and the continuity of

Ay (P(A)) and A, (P(A)) on A, A.(A) is continuous on the compact set .4 with respect

to A. Thus, (36) holds.
Now, we study the ISS property of the switched linear system (34).

For system (34), let A={A :ieZ}cR™and B={B;:ie Z}<R™", assume that .4 and
B are compact, and the subset .4, consisting of all the stable matrices of .4 is nonempty and
compact. For any given ¢e(0,min,_, [7(A)[), define a,(A) and A,(A) as in Lemma 5,
and set

a,(A)=min,_, [a,(A)], a; (A)=max{0,max, 4 a. (A},  (37)
by (B) = maXg .5 B/, M,= e+No)In A, (4) (38)

For a given switching law o(t,x) and a time interval [s,t), let T (s,t) and T, (s,t) be

the total time of system (34) running on stable subsystems and unstable subsystems in [s,t),

respectively; and for any a*e(0,a,(A)] and 7*>0, define
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T'(s,t) _a (A)-a
S[a*, 7*; Al =10 (,-) € S[7*, Ny ]: SUPpogy == S - T, >T*¢,
[a*, 7%; A] {a( ) € S[z*,Ny]:sup; “To(sh) a(A)ra T r}

where the average dwell-time 7, of o(t,x) is given by Definition 5.

In the sequel, for simplicity of expression, we will drop the arguments of 4,(A), a, (A),
a; (A) and by(B) anddenotethemby A.,a_,a; and b,, respectively.

Theorem 3. For switched linear system (34), assume that A and B are compact, and the
subset A, consisting of all the stable matrices of .4 is nonempty and compact. Then for any

given ¢e(0,min,_, [7(A)), and a*e(0,a,], there exists r*Zi*ln/‘tg such that
a

(i) forany o(,-) € S[a*,*;A], system (34) is forward complete, and
(ii) system (34) is ISS if and only if the control-free system X(t) = A, x4y X(t) is asymptoti-

cally stable.

Proof. Part (i) and the necessity of part (ii) are obvious. Thus, below we need only to show
the sufficiency.

For any given time instant t =t,, assume that in the time interval [ty,t), system (34) has j

switching instants: t <t, <---<t,. Let o(t,x(t))=i (1=0,1---, ). Then, the solution of sys-
tem (34) can be expressed as

4 t
X(1) = X (6t X U) = D(t, )X + .[ RGO RRRRTOTE _[ D(5)B i U(S)0S, (39)

where
(D(t, S) — eA(f(Iij([j)) (t_tl)e/\vn,,l,x(q,l)) (t=t) .. .eAa(q x(t) (ta=s) Se [tl :t|+1)-

We first show that for any given constant a*e (0,a;], T*Zéln A, and switching law
a

o(-,) e S[a*,z*; A], thereare a>0 and M >0 such that
|D(t,s) < Me %) vi=s>t,. (40)
Noticing that
j—1, t<s<t,, 1=0212-j-1
N, (s.1) = J | 141 ]
0, t; s sst,
we have A, =el"NeCOMA for seft; t); and A =gl N CUIN for seft t,) (1=041,

-, ]). Inparticular, N_(t,,t)=j and AJ" =elt*N-tINA Thyg

| (D(t S) |< ij—|+1ea£(%(tJ,X(tJ)))(titj)eaé‘(Ao(lj,l,x(lj,l)))(tjitjfl) . .'eag(Ao'(t|,x(t|)))(tl+l_s)
’ ~ /g
< e[1+NJ (s,t)]In A, ea:.T{f+ (s,t)-a;T, (s,t)
By the definition of S[a*,z*;A], for any given of(,-) € S[a*,z*;A], we have a T (s,t)—

a T (st)yss-a*(t—s). This together with Na(s,t)éNOth_—S and r0>r*2i*lnﬁ,g
T a

o
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T 1 . .
implies that a=a*-—-In4_>0. Then, by some straightforward calculations, we have
T

|o(t,s) < Me ™ Vselt,t,)Ult;,t), 1=0L-j-1,

where M =e®No)%  Thys, (40) is true, which together with (39) gives

t t
| %, (tt, X, U) [ Me 2700 [ [+M U ey lu]|ds +~-~+jt ey [lu] ds]

ty i

t Mb,
< Me 20 | |+|v|j e 2, [lu|lds < Me™2%) | ) | +—2]|u]].
1 a

Let A(r,s)=Me *r and 7(r)=MTb°r. Then, peKL, yeKk and

| % (61, %, U) [ BU X Lt =) + 7([ulD),
i.e., system (34) is input-to-state stable.

Remark 7. Comparing Theorem 3 with Theorem 2, one can see that for switched linear sys-
tem case, some of the subsystems of system (34) are allowed to be unstable. However, for
switched nonlinear systems, all of its subsystems are required to be stable, since the degree of
instability of nonlinear systems is hard to be characterized.

Remark 8. By Theorem 3, the ISS of switched linear system (34) is independent of the con-
crete choice of o(,-) in S[a*r*;A].

5 Conclusion

In this paper, the ISS of switched nonlinear system and switched linear system are investigated,
respectively. The main results can roughly be divided into two classes. One is based on multiple
Lyapunov function method, and the other is based on (average) dwell-time method. Firstly, by
using the method of multiple Lyapunov function, a sufficient ISS condition is given for general
SNL systems based on a quantitative relation of the control and the values of the Lyapunov func-
tions of the subsystems before and after the switching instants. Here, the 1SS-Lyapunov functions
of the subsystems are allowed to be different from each other rather than simply assuming the
existence of a CISSLF. Thus, the condition is sufficient not only for the switched systems pos-
sessing a CISSLF, but also sufficient for the switched systems without any CISSLF. Secondly, by
employing the method of the average dwell-time, some ISS sufficient conditions are given for
switched nonlinear systems and switched linear systems, respectively. Among others, the condi-
tion on switched nonlinear systems is characterized by the size of the dwell-time, and that on
switched linear systems is characterized by the average dwell-time and the ratio of the total time
that the system runs on unstable subsystems to the total time that the system runs on stable sub-
systems.
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